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Sensitivity Analysis of Cisco 12000 GSR 

  Musiga L. A. 

School of Mathematics University of Nairobi, 

 P.O. Box 30197 - 00100 

Nairobi Kenya. 

Email: lmusiga@uonbi.ac.ke 

 

Abstract 

Stochastic models capture the random behavior of the dependability attributes of critical 

systems. The dependability attributes include availability, reliability, safety, integrity, 

maintainability, survivability, performance and confidentiality. Stochastic models are 

used for the estimation of the output measures of interest of critical systems. Generally, 

changes in the input parameter values result in changes in the model output measures of 

interest. Parametric sensitivity analysis identifies the input parameter for which the 

smallest variation implies the greatest impact on the model output measure of interest. 

Thus parametric sensitivity analysis identifies the system module upon which further 

research improves the overall system performance. In this paper, the stochastic 

availability models of Cisco 12000 GSR and the direct method of sensitivity analysis are 

used to determine the parameter that has the greatest effect on the availability of the 

system. The results indicate that the repair rate of the clock and scheduler card increases 

the availability of the system most, hence the Clock Scheduler Card/Switch Fabric Card 

is the module upon which further research ought to be performed. This would result in the 

overall improvement of the availability of Cisco 12000 GSR. Mathematica software is 

used in this work. 

 

Keywords: Sensitivity analysis, direct method, stochastic availability models, output 

measure, input parameter. 

 

1 Introduction 

Stochastic models capture the random behavior of the dependability attributes of critical 

systems. The dependability attributes include availability, reliability, safety, integrity, 

maintainability and confidentiality [Avizienis et al., 2004]. Additional dependability 

attributes include survivability and performance [Trivedi et al., 2009]. Stochastic models 

are useful for the estimation of the output measures of interest of critical systems. Input 

parameter values are substituted into the stochastic models for the estimation of the 

relevant output measures of interest. Generally, changes in the input parameter values 

result in changes in the model output measures of interest. The question of interest to 

system manufacturers and researchers is whether some of the input parameters, or more 

specifically, one of the input parameters has the greatest effect on the output measure of 

interest. The determination of the input parameter which has the greatest effect on the 

output measure of interest is therefore of paramount importance. Hamby (1994) states that 

many authors use the terms sensitive, important, most influential, major contributor, 

effective or correlated when referring to the degree to which an input parameter affects  
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the model output. Hence, sensitivity analysis techniques identify the most crucial input 

parameter. The system module to which the identified input parameter belongs is the most 

critical module of the system. The identified system module is further subjected to 

research with a view to improving its performance, hence sensitivity analysis serves to 

guide future research efforts [Hamby, 1994]. The improvement in performance of the 

system bottleneck results in overall improved system performance. This is the major 

interest of system manufacturers and researchers. In this paper, the direct method of 

sensitivity analysis [Hamby, 1994] is applied to the stochastic availability models of Cisco 

12000 GSR [Musiga, 2018]. Thus the most critical module of Cisco 12000 GSR, on which 

further research would result in overall improvement of system performance, is identified. 

The rest of this paper is organized as follows. Related works on sensitivity analysis are 

presented in Section 2. In Section 3, the model of the sensitivity analysis technique used 

in this work is presented. An application to Cisco 12000 GSR is presented in Section 4. 

The paper concludes with discussions and conclusions in Section 5. 

 

2 Related Work 

In this section previous works on sensitivity analysis are presented. In a case study of 

groundwater decontamination via reductive dechlorination in which the output measure 

of interest was probability of event occurrence. Stiber et al., (1999) used the Difference 

in Log-Odds Ratio (ΔLOR) method of sensitivity analysis. Positive ΔLOR implied that 

the changes in one or more inputs enhanced the probability of the specified event while 

negative ΔLOR implied that the changes in the inputs caused a reduction in the probability 

of the event occurring or increased the probability of the event not occurring. The ΔLOR 

method was used to identify the key input parameter, out of a total of fourteen input 

parameters, to the groundwater decontamination via reductive dechlorination model. The 

model input parameters included temperature, pH and whether chemicals such as oxygen, 

hydrogen, chloride, dichlorethene (DCE) and methane, amongst others were found to be 

present. The model output measure of interest was the probability that anaerobic 

degradation of trichloroethene (TCE) via reductive dechlorination occurred. It was found 

that DCE, which had the largest differences in the log-odds ratio, was the most important 

determinant of anaerobic degradation of TCE. Another study where sensitivity analysis 

was performed was the ozone concentration case [Carmichael et al., 1997]. The 

Automatic Differentiation (AD) technique was used. AD is applicable for large models 

that involve complex numerical differentiation calculations such as partial derivatives, 

integral equations and mathematical series. AD was implemented by pre-compilers which 

analyzed the code of the complex model then automatically added instructions that were 

needed in order to compute first or higher order derivatives. The expanded code was then 

compiled so that the code evaluated the function values used in the model, the output 

measures and the derivatives. Carmichael et al., (1997) used Automatic Differentiation in 

Fortran (ADIFOR) to calculate the first order sensitivities of ozone concentration with 

respect to all initial concentrations of eighty-six species and all one hundred and seventy- 
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eight chemical reaction rate constants, for six different chemical regions. It was found that 

for the marine region, ozone concentration was most sensitive to the initial concentration 

of ozone at a normalized sensitivity value of 8.18e-01. With respect to the sensitivity of 

ozone to variations in the reaction rate constants, the largest sensitivity for the marine 

region was 0.0671. A sensitivity analysis case study of lamb meat centered on whether 

the output values varied in a statistically significant manner in association with variation 

in values for one or more inputs [Carlucci et al., 1999]. A model independent probabilistic 

sensitivity analysis method, namely Analysis of Variance (ANOVA) was used. In the 

study, a multi-factor ANOVA was used to evaluate the effects of the factors on the 

response variables. Age at slaughter, storage time and frozen temperature constituted the 

factors. Ten descriptive terms of odour, flavour and texture were developed in order to 

determine the sensory profile of lamb meat. Sensory data for each attribute were submitted 

to an analysis of variance. Each response variable was evaluated using a 0 - 100 scale for 

different combinations of the inputs. The importance of the input values were evaluated 

in terms of the relative magnitudes of F values. All of the response variables were 

significantly affected by the age at slaughter. 

 

In a more recent composite Web service case study, Sato and Trivedi (2007) detected the 

performance and reliability bottlenecks using the formal sensitivity analysis technique. 

The composite Web service was a business process called TravelAgent. The business 

process was implemented in Business Process Execution Language for Web Services (1.1) 

(BPEL). A Continuous Time Markov Chain (CTMC) model of the composite services, in 

which failures were incorporated, was developed. A set of Markov models were used to 

compute the performance (mean response time) and the reliability of Web services and 

for detecting the system bottlenecks. It was found that upon the failure of the hotel 

invocation, a restart attempt with the mean overhead time of the mean response time of 

hotel reservation was sensitive at value 0.247. In a mobile cloud availability case study, 

three distinct sensitivity analysis techniques were used to detect the bottlenecks of the 

system [Rubens et al., 2015]. The sensitivity analysis techniques used were differential 

sensitivity analysis, the factorial design of experiments and sensitivity analysis through 

percentage differences. A hierarchical analytical availability model of the system was 

developed. Continuous Time Markov Chains were used to model the subsystems. Using 

differential sensitivity analysis technique, the coverage factor of the spare storage 

manager was most sensitive at 0.006242686368. Sensitivity analysis based on percentage 

differences resulted in the number of active storage managers being the most sensitive at 

0.0068660546. Battery replacement in the mobile client module was the most sensitive at 

0.010521 using the factorial design of experiments technique. A combined analysis for 

the parameters which appeared among the first five positions in at least two of the three 

rankings yielded the bottlenecks of the system. The bottlenecks that were extracted from 

the thirty-six parameters of the hierarchical model were the coverage factors of failures in 

the active and spare storage managers, the required number of active hosts for the storage 

managers and the rate of battery replacement after discharge. In the next section, the 

model of the sensitivity analysis technique used in this work is presented. 
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3 The Model 

Different sensitivity analysis methods are applicable to different types of models [Frey 

and Patil, 2002]. Sensitivity analysis methods are categorized into three major groups; 

those that consider one variable at a time, those in which an input matrix is generated 

yielding an associated output vector and those that partition an input vector depending on 

the resultant output vector [Hamby, 1994]. Differential sensitivity analysis, also referred 

to as the direct method, Hamby (1994), is one of the methods of single parameter 

sensitivity analysis. Sensitivity analysis is easily done when there exists an algebraic 

equation which relates both the independent and dependent variables. The sensitivity 

coefficient for an independent variable is computed from the partial derivative of the 

output measure of interest with respect to the independent variable. Hence the sensitivity 

coefficient of an output measure Y which is dependent on a parameter is given by 

  

 𝑆𝛷(𝑌) =
𝛿𝑌

𝛿𝛷
         (1) 

 

For a scaled sensitivity analysis the ratio Φ/Y removes the effects of the different units by 

normalizing the coefficient hence the scaled sensitivity coefficient is given by 

 

 𝑆𝑆𝛷(𝑌) =
𝛷

𝑌

𝛿𝑌

𝛿𝛷
        (2) 

 

In a previous work [Musiga, 2018], the closed-form steady-state availability models of 

Cisco 12000 GSR were developed. Hence, the direct method of sensitivity analysis is 

applicable in this work [Hamby, 1994; Hamby, 1995; Loucks and van Beek, 2005]. In the 

next section, the direct method is applied to the closed form steady-state availability 

models of Cisco 12000 GSR. 

 

4 An Application 

In this section, the direct method of sensitivity analysis and the closed-form steady-state 

availability models of Cisco 12000 GSR which were developed in [Musiga, 2018] are 

used to determine the parameter that has the greatest effect on the availability of the 

system. First, a brief overview of the system description is provided. The Cisco 12000 

GSR comprises seven sub-systems or modules, namely, Upgrade, Line Card-in, Line 

Card-out, Clock and Scheduler Card/Switch Fabric Card, Gigabit Route Processors, 

Chassis and Cisco IOS modules. The Gigabit Route Processors, IOS and Clock and 

Scheduler Card/Switch Fabric Card are modules with redundancy. The top level 

hierarchical model of the system is a block diagram while the lower level models of the 

modules are Continuous Time Markov Chains. Times to failure and repair are 

exponentially distributed, coverage factor and switch-over are incorporated in the models 

where applicable. In subsection 4.1, a summary of the Cisco 12000 GSR steady-state 

availability models which were developed in [Musiga, 2018] are presented. 
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4.1 Cisco 12000 GSR Steady-State Availability Models 

In this subsection the steady-state availability models which were developed for Cisco 

12000 GSR [Musiga, 2018] are presented. The following are the closed-form steady-state 

availability models for the system and the sub-systems;  

 

(i) System Steady-State Availability Model 

 

𝐴𝑐𝑖𝑠𝑐𝑜 = 𝐴𝑢𝑝𝑔𝑟𝑎𝑑𝑒𝑥𝐴𝑐ℎ𝑎𝑠𝑠𝑖𝑠𝑥𝐴𝐿𝐶−𝑖𝑛𝑥𝐴𝐿𝐶−𝑜𝑢𝑡𝑥𝐴𝐺𝑅𝑃𝑥𝐴𝐼𝑂𝑆𝑥𝐴𝐶𝑆𝐶−𝑆𝐹𝐶  (3) 

 

where Acisco, Aupgrade, Achassis, ALC-in, ALC-out, AGRP, AIOS and ACSC-SFC represent the steady-

state availabilities of Cisco 12000 GSR system, the Upgrade, Chassis, Line Card-in, Line 

Card-out, Gigabit Route Processor, IOS Software and Clock and Scheduler Card/Switch 

Fabric Card Modules, respectively. 

 

(ii) Upgrade Steady-State Availability Model 

 

𝐴𝑠𝑠(𝑢𝑝𝑔𝑟𝑎𝑑𝑒) =
1

1+
𝜆𝑢𝑝𝑔

𝜇𝑢𝑝𝑔

       (4) 

 

where λupg and μupg represent the failure and repair rates for the upgrade module, 

respectively. 

 

(iii) Chassis Steady-State Availability Model 

 

𝐴𝑠𝑠(𝑐ℎ𝑎𝑠𝑠𝑖𝑠) =
1

1+
𝜆𝑐ℎ𝑎
𝜇𝑐ℎ𝑎

       (5) 

 

where λcha and μcha represent the failure and repair rates for the chassis module, 

respectively. 

 

(iv) Line Card-In Steady-State Availability Model 

 

𝐴𝑠𝑠(𝐿𝐶 − 𝑖𝑛) =
1

1+
𝜆𝑠𝑖𝑛
𝜇𝑠𝑖𝑛

+
𝜆ℎ𝑖𝑛
𝜇ℎ𝑖𝑛

       (6) 

 

where λsin and μsin represent the failure and repair rates for the software and λhin and μhin 

represent the failure and repair rates for the hardware in the Line Card-In module, 

respectively. 
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(v) Line Card-Out Steady-State Availability Model 

 

𝐴𝑠𝑠(𝐿𝐶 − 𝑜𝑢𝑡) =
1

1+
𝜆𝑠𝑜𝑢𝑡
𝜇𝑠𝑜𝑢𝑡

+
𝜆ℎ𝑜𝑢𝑡
𝜇ℎ𝑜𝑢𝑡

      (7) 

 

where λsout and μsout represent the failure and repair rates for the software and λhout and 

μhout represent the failure and repair rates for the hardware in the Line Card-Out module, 

respectively. 

 

(vi) Gigabit Route Processor Steady-State Availability Model 

 

𝐴𝑠𝑠(𝐺𝑅𝑃) =
1

𝐸
+

𝑁𝜆𝑔𝑟𝑝𝑐𝑎𝑔𝑟𝑝

𝛽𝑔𝑟𝑝
+

𝜆𝑔𝑟𝑝(𝑁𝑐𝑎𝑔𝑟𝑝+𝑐𝑠𝑔𝑟𝑝)

(𝜇𝑔𝑟𝑝+𝑁𝜆𝑔𝑟𝑝)𝐸
+

(1−𝑐𝑠𝑔𝑟𝑝)

𝑁𝐸
  (8) 

 

where 

 

𝐸 = 1 +
𝑁𝜆𝑔𝑟𝑝𝑐𝑎𝑔𝑟𝑝

𝛽𝑔𝑟𝑝
+

(1−𝑐𝑠𝑔𝑟𝑝)

𝑁
+

𝜆𝑔𝑟𝑝(𝑁(1−𝑐𝑎𝑔𝑟𝑝)+(1−𝑐𝑠𝑔𝑟𝑝))

𝜇𝑔𝑟𝑝
+

𝜆𝑔𝑟𝑝(𝑁𝑐𝑎𝑔𝑟𝑝+𝑐𝑠𝑔𝑟𝑝)

(𝜇𝑔𝑟𝑝+𝑁𝜆𝑔𝑟𝑝)
+

𝑁𝜆𝑔𝑟𝑝
2 (𝑐𝑠𝑔𝑟𝑝+𝑁𝑐𝑎𝑔𝑟𝑝)

𝜇𝑔𝑟𝑝(𝜇𝑔𝑟𝑝+𝑁𝜆𝑔𝑟𝑝)
    

 

and where λgrp, μgrp, cagrp, csgrp, βgrp and N represent the failure rate, repair rate, coverage 

factor of active units, coverage factor of standby unit, switchover factor and N active units 

in the Gigabit Route Processor module, respectively. 

 

(vii) IOS Software Steady-State Availability Model 

 

𝐴𝑠𝑠(𝐼𝑂𝑆) =
1

𝐸
+

𝑁𝜆𝑖𝑜𝑠𝑐𝑎𝑖𝑜𝑠

𝛽𝑖𝑜𝑠𝐸
+

𝜆𝑖𝑜𝑠(𝑁𝑐𝑎𝑖𝑜𝑠+𝑐𝑠𝑖𝑜𝑠)

(𝜇𝑖𝑜𝑠+𝑁𝜆𝑖𝑜𝑠)𝐸
+

(1−𝑐𝑠𝑖𝑜𝑠)

𝑁𝐸
   (9) 

  

 

where 

 

𝐸 = 1 +
𝑁𝜆𝑖𝑜𝑠𝑐𝑎𝑖𝑜𝑠

𝛽𝑖𝑜𝑠
+

(1−𝑐𝑠𝑖𝑜𝑠)

𝑁
+

𝜆𝑖𝑜𝑠(𝑁(1−𝑐𝑎𝑖𝑜𝑠)+(1−𝑐𝑠𝑖𝑜𝑠))

𝜇𝑖𝑜𝑠
+

𝜆𝑖𝑜𝑠(𝑁𝑐𝑎𝑖𝑜𝑠+𝑐𝑠𝑖𝑜𝑠)

(𝜇𝑖𝑜𝑠+𝑁𝜆𝑖𝑜𝑠)
+

𝑁𝜆𝑖𝑜𝑠
2 (𝑐𝑠𝑖𝑜𝑠+𝑁𝑐𝑎𝑖𝑜𝑠)

𝜇𝑖𝑜𝑠(𝜇𝑖𝑜𝑠+𝑁𝜆𝑖𝑜𝑠)
   

 

and where λios, μios, caios, csios, βios and N represent the failure rate, repair rate, coverage 

factor of active units, coverage factor of standby unit, switchover factor and N active units 

in the IOS Software module, respectively. 
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(viii) Clock Scheduler Card/Switch Fabric Card Steady-State Availability Model 

 

𝐴𝑠𝑠(𝐶𝑆𝐶/𝑆𝐹𝐶) =
1

𝐸
+

2𝜆1

𝜇1𝐸
+

3𝜆2

𝜇2𝐸
      (10) 

 

where 

 

𝐸 = 1 +
3𝜆2

𝜇2
+

6𝜆2
2

𝜇2
2 +

2𝜆1

𝜇1
+

2𝜆1
2

𝜇1
2 +

6𝜆1𝜆2

𝜇1𝜇2
   

 

and where λ1 and μ1 represent the failure and repair rates of a Clock Scheduler Card 

respectively and λ2 and μ2 represent the failure and repair rates of a Switch Fabric Card. 

As is clearly seen from equations (4) - (10), twenty six input parameters are required for 

the computation of the steady-state availability of Cisco 12000 GSR. The determination 

of the critical input parameter is the purpose of this paper. In the next subsection, the 

scaled sensitivity coefficients for the input parameters are computed. 

 

4.2 Sensitivity Analysis 

The direct method based on partial derivatives is used to identify the input parameter 

which has the greatest effect on the system steady-state availability. The partial 

derivatives of the system steady-state availability with respect to each of the twenty-six 

input parameters are obtained using Mathematica [Wolfram Mathematica 6]. Input 

parameter values for Cisco 12000 GSR, which were obtained from [Lee, 2000] and 

through discussions with Cisco researchers [Trivedi et al., 2012], are also fed into 

Mathematica and scaled sensitivity coefficients are computed. The scaled sensitivity 

coefficients are ranked in descending order as shown in Table 4.1 overleaf. Discussions 

and conclusions follow in the subsequent section. 

 

5 Discussions and Conclusions 

Sensitivity analysis identifies the bottleneck in a system. The bottleneck is either an 

activity in or a parameter of the system. The activity or the parameter with the highest 

sensitivity coefficient is the bottleneck of the system. The identification of the bottleneck 

assists the system manufacturers and researchers to make improvements either during the 

design phase or during the operational lifetime of the system. Hence, instigating measures 

to improve on the bottleneck of a system essentially improves the overall system 

performance. The system input parameter with the highest scaled sensitivity coefficient 

should be given the highest priority. Improving the performance of the module to which 

the identified input parameter belongs improves the whole system performance. From 

Table 4.1, the input parameter μ1, which is the repair rate of the Clock and Scheduler Card, 

has the highest scaled sensitivity coefficient ranking of 0.125001. This implies that a unit 

increase in the repair rate of the Clock and Scheduler Card leads to a 0.125001 increase 

in the system steady-state availability. Following closely, the input parameter μ2 which is 

the repair rate of the Switch Fabric Card has a scaled sensitivity coefficient ranking of  
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0.124988. This implies that a unit increase in the repair rate of the Switch Fabric Card 

leads to a 0.124988 increase in the system steady-state availability. Coincidentally, both 

input parameters μ1 and μ2 belong to the Clock and Scheduler Card/Switch Fabric Card 

module hence the Clock and Scheduler Card/Switch Fabric Card module is the critical 

module of Cisco 12000 GSR, it is the bottleneck of the system. Improvements effected on 

the Clock and Scheduler Card/Switch Fabric Card module would lead to the overall 

increase in the steady-state availability of the system. In conclusion, the Clock and 

Scheduler Card/Switch Fabric Card module should be given the highest priority for further 

research in order to improve the overall system availability of Cisco 12000 GSR. 

 

 Table 4.1 Scaled Sensitivity Coefficients 

Ranking 

 

Parameter Description 𝑺𝑺𝜱(𝒀) 

𝜇1 Repair of Clock Scheduler Card 0.125001 

𝜇2 Repair of Switch Fabric Card 0.124988 

𝜇𝑢𝑝𝑔 Repair of Upgrade 0.000115727 

𝜇𝑠𝑖𝑛 Repair of Software Line Card-in 0.0000277765 

𝜇𝑠𝑜𝑢𝑡 Repair of Software Line Card-out 0.0000277764 

𝑐𝑎𝑖𝑜𝑠 Coverage active unit IOS Software 0.0000277691 

𝑐𝑠𝑖𝑜𝑠 Coverage standby unit IOS Software 0.000027762 

𝜇ℎ𝑜𝑢𝑡 Repair of Hardware Line Card-out 0.000019341 

𝜇ℎ𝑖𝑛 Repair of Hardware Line Card-in 0.0000180091 

𝜆2 Failure of Switch Fabric Card 0.0000142135 

𝑐𝑎𝑔𝑟𝑝 Coverage active unit Gigabit Route Processor 0.00000593555 

𝜇𝑔𝑟𝑝 Repair of Gigabit Route Processor 0.00000329769 

𝑐𝑠𝑔𝑟𝑝 Coverage standby unit Gigabit Route Processor 0.00000254377 

𝜇𝑐ℎ𝑎 Repair of Chassis 0.000001261 

𝜆1 Failure of Clock Scheduler Card 0.00000091694 

𝜇𝑖𝑜𝑠 Repair of IOS Software 0.00000000863956 

𝛽𝑖𝑜𝑠 Switchover in IOS Software -0.000000000000196954 

𝛽𝑔𝑟𝑝 Switchover in Gigabit Route Processor  -0.00000000000978687 

𝜆𝑖𝑜𝑠 Failure of IOS Software -0.00000000863936 

𝜆𝑐ℎ𝑎 Failure of Chassis  -0.000001261 

𝜆𝑔𝑟𝑝 Failure of Gigabit Route Processor  -0.00000329768 

𝜆ℎ𝑖𝑛 Failure of Hardware Line Card-in  -0.0000180091 

𝜆ℎ𝑜𝑢𝑡 Failure of Hardware Line Card-out  -0.000019341 

𝜆𝑠𝑜𝑢𝑡 Failure of Software Line Card-out  -0.0000277764 

𝜆𝑠𝑖𝑛 Failure of Software Line Card-in  -0.0000277765 

𝜆𝑢𝑝𝑔 Failure of Upgrade  -0.000115727 
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Abstract 

New curvature tensors were introduced by Pokhariyal and Mishra (1971) and Pokhariyal 

(1982), to study their geometric and relativistic properties. In this paper the relationships 

of these tensors with other tensors are established. The properties of 6W  tensor and its 

skew-symmetric as well as symmetric parts are studied in Lorentzian Para Sasakian 

manifold. The physical properties of 6W  tensor and other tensors are studied in the last 

section of this paper. 

 

Key words: Curvature tensors, LP-Sasakian manifold, symmetric and skew-symmetric 

parts. 

AMS Subject classification: 53BXX,53CXX 

 

1.  Introduction 

An n- dimensional differentiable manifold M is said to be a Lorentzian Para Sasakian 

(LP-Sasakian) manifold, if it admits a (1,1) tensor field F, a C vector field T, a C  1-

form A and a Lorentzian metric g (Matsumoto and Mihai, 1988), which satisfy: 

( ) 1A T   .         (1.1)       

( )X X A X T  .        (1.2)      

( , ) ( , ) ( ) ( )g X Y g X Y A X A Y  .      (1.3)      

( , ) ( ),g X T A X  ( ) .XD T X       (1.4)      

  ( ) ( )X A X T A Y ,  (1.5)      

where  ( ).
def

X F X  

In an LP-Sasakian manifold M, with structure  ( , , , ),F T A g  it can be seen 

(Sasaki,1960) that : 

 

0, ( ) 0.T A X          (1.6)      

( ) 1.rank F n          (1.7)      

Moreover, if we put, 

( , ) ( , ),F X Y g X Y         (1.8) 

then the tensor field  ( , )F X Y  is symmetric in  X and Y.  

( )( ) ( , ) ( ) ( )XD F Y g X Y A X A Y T 

mailto:pokhariyal@uonbi.ac.ke
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In an n-dimensional LP-Sasakian manifold, with structure ( , , , )F T A g , we have 

(Matsumoto and Mihai, 1988), 

( , , , ) ( , ) ( ) ( , ) ( )R X Y Z T g Y Z A X g X Z A Y  ,    (1.9)     

 

( , ) ( 1) ( ),Ric X T n A X         (1.10)    

where ( , , , )R X Y Z U  and  ( , )Ric X Y  denote Riemann curvature tensor and Ricci tensor 

respectively. 

Pokhariyal and Mishra (1971) defined a tensor 

 

1

1
( , , , ) ( , , , ) ( , ) ( , ) ( , ) ( , )

1
W X Y Z U R X Y Z U g X U Ric Y Z g Y U Ric X Z

n
  

. (1.11)    

This tensor 1W  is skew-symmetric in X and Y and satisfy the cyclic property. Another 

tensor was defined (Pokhariyal, 1982) as: 

  6

1
( , , , ) ( , , , ) ( , ) ( , ) ( , ) ( , )

1
W X Y Z U R X Y Z U g X Y Ric Z U g X U Ric X Z

n
  

. (1.12) 

This tensor 6W does not possess any symmetry, but satisfy the cyclic property. The 

curvature tensors in the manifold M defined as (Yano, 1965): 

 ( , , , ) ( , , , ) ( , ) ( , ) ( , ) ( , ) ,
( 1)

R
C X Y Z U R X Y Z U g Y U g X Z g X U g Y Z

n n
  


  (1.13)   

( , , , ) ( , , , )L X Y Z U R X Y Z U  + 

        

 
1

( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
2

g X Z Ric Y U g Y Z Ric X U g Y U Ric X Z g X U Ric Y Z
n

  


,      

           (1.14)

  

 
1

( , , , ) ( , , , ) ( , ) ( , ) ( , ) ( , )
2

V X Y Z U R X Y Z U g Y U Ric X Z g X U Ric Y Z
n

  


    

         +  ( , ) ( , ) ( , ) ( , )
( 1)( 2)

R
g X U g Y Z g Y U g X Z

n n


 
,     (1.15)    

and  
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 
1

( , , , ) ( , , , ) ( , ) ( , ) ( , ) ( , ) ,
1

W X Y Z U R X Y Z U g X Z Ric Y U g X U Ric Y Z
n

  


 (1.16)   

are called concircular, conharmonic, conformal and projective curvature tensors  

respectively. These tensors satisfy the cyclic properties and corresponding symmetric and 

skew symmetric properties. 

 

2.  Relationship Between Curvature Tensors 

In this section, the relationships between the defined tensors have been established. 

From (1.11), (1.12) and (1.16), we get 

 

1 6( , , , ) ( , , , ) ( , , , ) ( , , , ).W X Y Z U W X Y Z U W X Y Z U R X Y Z U     (2.1)   

Using (1.13), (1.14) and (1.15), it was shown (Pokhariyal and Mishra, 1971) that 

 

  ( , , , ) ( , , , ) ( , , , ) ( , , , ) .
2

n
V X Y Z U L X Y Z U R X Y Z U C X Y Z U

n
  


  (2.2)   

Thus, from (2.1) and (2.2), we get 

1 6( , , , ) ( , , , ) ( , , , ) ( , , , )W X Y Z U W X Y Z U W X Y Z U C X Y Z U         

                                                            =  
2

( , , , ) ( , , , ) .
n

V X Y Z U L X Y Z U
n


  (2.3) 

In the 4-dimensional space 4M  of general relativity (2.3) becomes: 

1 6( , , , ) ( , , , ) ( , , , ) ( , , , )W X Y Z U W X Y Z U W X Y Z U C X Y Z U    

                                                              =  
1

( , , , ) ( , , , ) .
2

V X Y Z U L X Y Z U   (2.4)    

3.  LP-Sasakian Manifold 

In this section, the properties of tensor 6W  and its symmetric and skew-symmetric parts 

in LP-Sasakian manifold are studied. Breaking  6( , , , )W X Y Z U  into skew-symmetric 

and symmetric parts in X,Y, we get 

 6 6

1
( , , , ) ( , , , ) ( , , , ) ( , , , )

2
A X Y Z U W X Y Z U W Y X Z U R X Y Z U   + 

 
1

( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
2( 1)

g X Z Ric Y U g Y U Ric X Z g Y Z Ric X U g X U Ric Y Z
n

  


 

(3.1)  

and  
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1
( , , , ) ( , , , ) ( , , , )

2
B X Y Z U W X Y Z U W Y X Z U    
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 
1

( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
2( 1)

g X Z Ric Y U g Y U Ric X Z g Y Z Ric X U g X U Ric Y Z
n

  


. 

           (3.2)     

Similarly breaking 6( , , , )W X Y Z U  into skew-symmetric and symmetric parts in Z, U, we 

get 

 6 6

1
( , , , ) ( , , , ) ( , , , ) ( , , , )

2
P X Y Z U W X Y Z U W X Y U Z R X Y Z U     

 

 
1

( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )
2( 1)

g X Z Ric Y U g Y U Ric X Z g X U Ric Y Z g Y Z Ric X U
n

  


  

           (3.3)    

and 

 6 6

1
( , , , ) ( , , , ) ( , , , )

2
Q X Y Z U W X Y Z U W X Y U Z    

 
1

( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ,
2( 1)

g X Z Ric Y U g Y U Ric X Z g X U Ric Y Z g Y Z Ric X U
n

  


 

         (3.4)    

respectively. 

 

Theorem (3.1) 

 In an n-dimensional LP-Sasakian manifold, we have 

 

           6

1
( , , , ) ( , ) ( ) ( ) ( , )

1
W X Y Z T g Y Z A X A Y Ric X Z

n
 


     (3.5a) 

6

1
( , , , ) ( ) ( , ) 2 ( ) ( , ) ( ) ( , )

1
W T Y Z U A U g Y Z A Z g Y U A Z Ric Y U

n
  


  (3.5b)   

        
6( , , , ) ( , ) ( ) ( ) ( , ).W T Y Z T g Y Z A Z A Y g Y Z         (3.5c) 

Proof 
Putting U=T in (1.12) and using (1.4), (1.9) and (1.10), we get (3.5a). 

Similarly by putting X=T in (1.12) and following the pattern of (3.5a), we get (3.5b). 

Putting X=T in (3.5a) or U=T in (3.5b) and using (1.1) and (1.3), we get (3.5c). 

 

Corollary (3.1) 

For a LP- Sasakian manifold, we have 
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Proof 

Using (1.6) in (3.5a) and (3.5b), we get (3.6a). Using (1.4) and (1.10) in (3.5b) and 

(3.5b), we get (3.6b). 

 

Theorem (3.2) 

In an n-dimensional LP-Sasakian manifold, we have 

1 1
2 ( , , , ) ( ) ( , ) ( , ) ( ) ( , ) ( , )

1 1
A X Y Z T A X g Y Z Ric Y Z A Y g X Z Ric X Z

n n

   
          

           

 (3.7a) 

1
2 ( , , , ) ( ) ( , ) ( , )

1
A T Y Z U A U g Y Z Ric Y Z

n

 
   

 

 

                                              
1

( ) 3 ( , ) ( , )
1

A Z g Y U Ric Y U
n

 
    

   (3.7b) 

  
1

2 ( , , , ) ( , ) ( , ) 2 ( ) ( )
1

A T Y Z T g Y Z Ric Y Z A Y A Z
n

   


.   (3.7c) 

Proof 

Putting U=T in (3.1) and using (1.4), (1.9) and (1.10), we get (3.7a). 

The proofs of (3.7b) and (3.7c) follows similar pattern. 

 

Corollary (3.2) 

On an LP-Sasakian manifold, we have 

( , , , ) 0 ( , , , )A X Y T T A T T Z U    (b) ( , , , ) 0 ( , , , ).A X Y Z T A T Y Z U    (3.8a) 

Proof 
It follows the pattern of corollary (3.1). 

 

Theorem (3.3) 

For a Sasakian manifold, we have 

 

1 1
2 ( , , , ) ( ) ( , ) ( , ) ( ) ( , ) ( , )

1 1
B X Y Z T A Y g X Z Ric X Z A X g Y Z Ric Y Z

n n

   
          

 

(3.9a) 

1 1
2 ( , , , ) ( ) ( , ) ( , ) ( ) ( , ) ( , )

1 1
B T Y Z U A U g Y Z Ric Y Z A Z g Y U Ric Y U

n n

   
          

           

 (3.9b) 
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1
2 ( , , , ) ( , ) ( , ).

1
B T Y Z T Ric Y Z g Y Z

n
 


      (3.9c) 
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Proof 
Putting U=T in (3.2) and using (1.4), (1.9) and (1.10), we get (3.9a).  Similarly (3.9b) 

and (3.9c) can be proved. 

 

Corollary (3.3) 
On a LP-Sasakian manifold, we have   

( , , , ) 0 ( , , , )B X Y T T B T T Z U   (b) ( , , , ) 0 ( , , , ).B X Y Z T B T Y Z U   

 (3.10a) 

 

Proof 
Putting Z=T in (3.9a) and Y=T in (3.9b) separately and using (1.4) and (1.10) the (3.10a) 

is satisfied identically. Using (1.6) in (2.9a) and (3.9b), we get (3.10b). 

 

Theorem (3.4) 
In an n-dimensional Sasakian manifold, we have 

1
2 ( , , , ) ( ) 3 ( , ) ( , )

1
P X Y Z T A X g Y Z Ric Y Z

n

 
   

 

 

                                   -
1

( ) ( , ) ( , )
1

A Y g X Z Ric X Z
n

 
  

   

 (3.11a)   

1
2 ( , , , ) ( ) 3 ( , ) ( , )

1
P T Y Z U A U g Y Z Ric Y Z

n

 
   

       

                                            -A(Z)
1

3 ( , ) ( , )
1

g Y U Ric Y U
n

 
  

   

 (3.11b) 

1
2 ( , , , ) 3 ( , ) ( , ) 2 ( ) ( ).

1
P T Y Z T g Y Z Ric Y Z A Y A Z

n
   


  

 (3.11c)    

Proof 
Putting U=T in (3.3) and using (1.4), (1.9) and (1.10), we get (3.11a). The results 

(3.11b) and (3.11c) can be proved in similar manner. 

 

Corollary (3.4) 
On a LP- Sasakian manifold, we have 

( , , , ) 0 ( , , , )P X Y T T P T T Z U         
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( , , , ) 0 ( , , , ).P X Y Z T P T Y Z U        

 (3.12b)   
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Proof 

Putting Z T  in (3.11a) and using (1.4) and (1.6), we get (3.12a) first part. Similarly 

putting Y T and using (1.4) and (1.6) we get the second part of (1.12a). The result 

(3.12b) can be proved similarly.  

 

Theorem (3.5) 

For a LP- Sasakian manifold, we have 

1 1
2 ( , , , ) ( ) ( , ) ( , ) ( ) ( , ) ( , )

1 1
Q X Y Z T A Y g X Z Ric X Z A X g Y Z Ric Y Z

n n

   
          

 

(3.13a) 

1 1
( )2 ( , , , ) ( ) ( , ) ( , ) ( ) ( , ) ( , )

1 1
b Q T Y Z U A Z Ric Y U g Y U A U Ric Y Z g Y Z

n n

   
          

 

1
2 ( , , , ) ( , ) ( , ).

1
Q T Y Z T g Y Z Ric Y Z

n
 


     

 (3.13c) 

Proof 
Putting U=T in (3.4) and using (1.4), (1.9) and (1.10), we get (3.13a). The results 

(3.13b) and (3.13c) can be proved similarly. 

 

Corollary (3.5) 
In an LP- Sasakian manifold, we have 

( , , , ) 0 ( , , , )Q X Y T T Q T T Z U    (b)  ( , , , ) 0 ( , , , ).Q X Y Z T Q T Y Z U   

 (3.14a)   

Proof 
The proof follows the pattern of corollary (3.3). 

 

Remark 1 

The results for 6, , ,W A B P  and Q symmetric LP- Sasakian manifold can be proved as done 

in (Pokhariyal, 1996). These tensors can also be studied in an A-Einstein Sasakian 

manifold (2001) and other manifolds, like almost decomposable, almost product, almost 

Kahler and almost Tachibana manifolds (Pokhariyal, 1975). Studying the properties of 

curvature tensors, in an n-dimensional semi-Riemannian manifold ( , )M g , Tripathi and 

Gupta (2012) defined  -curvature tensor as: 

0 1 2 3 4( , , ) ( , ) ( , ) ( , ) ( , ) ( , )X Y Z a R X Y Z a S Y Z X a S X Z Y a S X Y Z a g Y Z QX       
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                    +  5 6 7( , ) ( , ) ( , ) ( , ) ,a g X Z QY a g X Y QZ a r g Y Z X g X Z Y    

where  0 7......a a  are real numbers; R,S,Q and r are the curvature tensor, the Ricci tensor, 

the Ricci operator and scalar curvature respectively. It was shown that - curvature  

Pokhariyal, G.P. 

 

tensor reduces to 6W -curvature tensor if 

0 1 6 2 3 4 5 7

1
1, , 0.

1
a a a a a a a a

n
         


 

 

4. Physical Properties 

In order to study the physical properties, we define the vector 

 

,

jklm p

ij k pljm

i ab

ab

g R R

gR R


 


         (4.1)      

called the complexion vector of a non-null electromagnetic field with no matter by Misner 

and Wheeler (1957) and its vanishing implies that field is purely electrical. A semicolon 

represents covariant differentiation. By setting 6 ; 0,h

pml mW   we have from Pokhariyal 

(1982) 

 

pmjl pljmR R ,          (4.2)      

 

which on substitution in (4.1) implies that  0.i   Thus, the vanishing of divergence of  

6W  in an electromagnetic field reduces to purely electric field.  

Rainich (1953) has shown that the necessary and sufficient condition for the existence of 

the non-null electro-variance are: 

            0,R            (4.3a)   

  
1

,
4

i j i ab

j k k abR R R R         (4.3b)    

         
, , .i j j i           (4.3c)    

By replacing  
ijR  by the contacted part  

6ijW  of the tensor 
6hijkW  and other tensors, we 

can obtain the Rainich conditions. 

 

Remark 2 
The Pirani formulation of gravitational waves to the Einstein space can be investigated 

for 
6hijkW  and all other defined tensors, as done in Pokhariyal (1982). 
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Discussion 
The geometrical and physical properties of the curvature tensor could be attributed to the 

pattern of the distribution of vector fields over metric potentials and matter tensors. While 

studying the physical properties, it was shown in a theorem Pokhariyal (1982) that,  

Geometric and Physical Properties of Curvature Tensors 

“vanishing of the divergence of all those tensors in which the vector field X is present in 

all the metric potentials, reduces the electromagnetic field to a purely electric field”.  The 

tensor 6W satisfies this property.  Further the contracted part of 6W  vanishes in an Einstein 

space. 
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Abstract 

Generally mechanical and electronic systems undergo failures and repairs akin to birth-

death process. In real life though, systems undergo many failures and repairs which do 

not transit to the nearest neighbour state, thus are non-birth-death process, the failures of 

which may either be exponentially or non-exponentially distributed. A lot of research has 

been conducted on birth-death process. In comparison, little research has been conducted 

on non-birth-death process thus in this paper a review of research on birth-death process 

is presented. Since systems undergo many failures and repairs, non-birth-death CTMC 

availability models for systems with several unplanned outages whose failure 

distributions are either exponentially or non-exponentially distributed are derived. 

Specifically non-birth-death CTMC availability models for systems with two 

exponentially distributed unplanned outages, with three exponentially distributed and 

three 2-stage hypoexponentially distributed unplanned outages and with four 2-stage 

hypoexponentially distributed unplanned outages are derived. 

 

Keywords: Non-birth-death process, Continuous Time Markov Chains (CTMC), 

Availability, Exponential, Hypoexponential, Unplanned outages. 

 

1. Introduction 

The advent of the industrial revolution led to the manufacture of mechanical and 

electronic devices which perform repetitive functions accurately. Unfortunately, the 

devices suffer from failures occasionally thus necessitating repair services. An 

engineering system comprises of different modules which have components that undergo 

failures and repairs, akin to a birth-death process which has been an area of major concern 

to researchers. In real life though, systems usually undergo many different types of 

failures and repairs, which are not necessarily to the nearest neighbour, referred to as non-

birth-death process [Trivedi, 2001]. Since very little has been done on non-birth-death 

process, related works on birth-death process are presented in section 2, which are 

categorized into single birth-death process, pure birth process, pure death process and 

multiple births process. 

 

The remainder of this paper is organized as follows. Section 2 gives a review previous 
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works on birth-death process and in section 3 the theory of non-exponentially distributed 

outages is presented. In section 4 the non-birth-death CTMC availability models with 

exponentially and non-exponentially distributed unplanned outages is derived. Section 5 

forms the discussion of this work and the paper concludes in section 6. 
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2. Related Works 

2.1 Single Birth-Death process 

Kendall (1948) obtained solutions for a generalized birth-death process. The differential-

difference equation was solved using a partial differential equation for a probability 

generating function. The expected population size and the solution for which the 

fluctuation was a minimum was determined. 

 

Karlin and McGregor (1958) defined a linear growth birth-death process. They observed 

that various aspects of the processes received considerable attention. The generating 

function formulae in Meixner polynomials and Laguerre systems were used to derive 

explicit formulae for the transition probabilities. It was found that not all linear growth 

processes were directly related to the Meixner and Laguerre polynomial systems. 

 

Morgan (1979) presented three alternative approaches for solving CTMC processes with 

discrete states. The simple linear birth-death process and the immigration process were 

solved using four alternative approaches, namely; by the Kolmogorov forward equations 

and directly solving the Lagrange partial differential equation for the probability 

generating function, by solving the same Lagrange equation using Laplace transforms, via 

the Kolmogorov backward equations and by using Integral equations.  

 

Novozhilov et al. (2005) observed that a fruitful and diverse mathematical field inspired 

by biology was the theory of birth-death process. Early models in population biology were 

noted to be largely deterministic. The authors discussed birth-death process as applied to 

biological problems in evolutionary genomics by considering processes that had one or 

two absorbing or reflecting states. Further diverse biological processes could be modelled 

using birth-death process. 

 

A study based on the financial markets by Cont et al. (2010) observed that the mechanical 

nature of execution of orders and the availability of data made order-driven markets 

interesting candidates for stochastic modelling. Models of order book dynamics were 

noted to provide insight into the interplay between order flow, liquidity and price 

dynamics. At the application level, the models provided a quantitative framework in 

which investors and trading desks could optimize trade execution strategies. Cont et al.  

(2010) focused on the conditional probabilities of events given the state of the order book. 

They proposed a single birth-death process model for the dynamics of a limit order book. 

Matrix computations and Laplace transform method were used for computing the 

probabilities of events. Simulation results illustrated the reliability of the model for the 

asymptotic behaviour of the limit order book. 
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Another study in which birth-death process was applied to epidemiological clusters of 

Mycobacterium tuberculosis was conducted by Doss et al. (2010). They presented a novel 

expectation-maximization algorithm for fitting linear birth-death-immigration models 

with covariates to panel data. The expectation-maximization algorithm was tested on  
Non-Birth-Death Continuous Time Markov Chain 

 

simulated data followed by focus on the problem of estimating the birth and death rates 

of the transposable element IS6110 in Mycobacterium tuberculosis. It was found that the 

East-Asian Mycobacterium tuberculosis was evolving at a slower rate than its European-

American counterpart. They included Mycobacterium tuberculosis drug-resistance status 

and Human Immunodeficiency Virus infection status of each patient as birth and death 

rate covariates and found that the lineage remained the only variable that significantly 

affected IS6110 birth and death rates. 

 

2.2 Pure Birth Process 

A study on fractional pure birth process was conducted by Orsingher and Polito (2010). 

Fractional equations of various types proved to be useful in representing different 

phenomena in optics, transport of charge carriers and in economics. They showed that for 

the linear birth process, the mean values were increasing functions as the order of 

fractionality decreased. Hence the fractional birth process was useful in the representation 

of rapidly expanding populations. 

 

Barraza (2016) proposed a Software Reliability model based on a pure birth process. The 

birth (failure) rate of the process was considered to be non-dependent on time but 

dependent non-linearly on the previous number of births (failures). The empirical Bayes 

framework was used to get the birth (failure) rate. In the study, either the mean time to 

failure was estimated or the stochastic failure process was simulated. The results of a 

simulation of the model to real gnome open source data from Bugzilla were shown 

graphically. 

 

2.3 Pure Death Process 

Gibson and Renshaw (2001) considered the problem of parameter estimation for 

immigration-death models when only death times were observed. They derived the 

parameter likelihood for the immigration-death model given observed removal times only. 

The analysis was extended to more complex models where immigrants arrived in pairs. 

This enabled the investigation of parameter likelihoods for the models which had 

previously been examined using Markov chain Monte Carlo algorithms to accommodate 

the unobserved processes. The results presented highlighted the difficulty of designing a 

Markov chain Monte Carlo sampler which could reliably explore the parameter posterior 

density for the model with paired immigration; a finding which was anticipated would 

hold for many stochastic compartment models. Gillespie and Renshaw (2005) posed the 

fascinating question of whether it was possible to determine the fundamental structure of 

a hidden stochastic process purely from counts of escaping individuals. They developed 

a general theory of batch immigration counting processes. First, they considered the 

probability and moment structure of the general linear immigration-death process in 
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which batches of immigrants arrived randomly. General expressions were then developed 

for the population size cumulants and probabilities, together with those for the associated 

counting process. The authors found that high quality inferences on the hidden population 

process could be inferred purely from externally counted observations. 
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Gillespie and Renshaw (2008) used immigration regimes to illuminate the intriguing 

features of an underlying stochastic process. The work first explored paired-immigration 

and triple-immigration schemes. Detailed analysis of specific cases yielded far more 

transparent solutions. Further, the authors noted that extending the single- and paired-

immigration to k-immigration produced intriguing mathematical results which 

demonstrated that both the approach and the associated conclusions carried over neatly to 

the multiple-immigration scenario. 

 

2.4 Multiple Births Process 

According to Huang and Kercheval (2011), the high-frequency behavior of the limit order 

book was a natural candidate for stochastic modeling. They noted that the Cont et al. 

(2010) model restricted orders of the order book to unit size. One of the most important 

conditioning variables for price impact was the size of an order relative to the volume at 

the best price, so a model that could deal with multiple order sizes was of particular 

interest. Huang and Kercheval (2011) modelled the limit order book events for multiple 

order arrivals. Laplace transform was used to develop the stochastic multiple births model. 

 

3. Theory of Non-Exponentially Distributed Outages 

Cao et al. (2002) began the study of non-exponentially distributed system outages by 

obtaining the availability model of a system with a single exponentially distributed 

unplanned outage. All the state transitions, the occurrences of outages and the completions 

of recoveries from outages, corresponded to Markov renewal moments 𝐓 = {Tk; k =
0,1,2, … }, with the discrete time embedded Markov chain, ,  𝐘 = {Yk; k = 0,1,2, … }, such 

that Ykwas the system state at time Tk +, implying that Yk = Z(Tk) +. The bivariate 

process (𝐘k, 𝐓k) was a Markov renewal sequence. Hence, {Z(t)} was a semi-Markov 

Process. The non-null elements appeared only in the first row and first column of the 

Kernel matrix K(t), corresponding to all possible transitions in a single step. Therefore, 

 

0,1 0,

1,0

,0

0 ( ) ( )

( ) 0 0
( )

( ) 0 0

n

n

K t K t

K t
K t

K t

 
 
 
 
  
 

                  

           (1) 

 

The non-null elements were derived by induction thus, where TTO represents Time to 

Outage; 

 

𝐾0,𝑖(𝑡) = 𝑃𝑟{𝑌1 = 𝑖, 𝑇1 ≤ 𝑡|𝑌0 = 0} 
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 =
𝑃𝑟{𝑜𝑢𝑡𝑎𝑔𝑒 𝑖 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑜𝑛𝑒 𝑡𝑜 𝑜𝑐𝑐𝑢𝑟 𝑡𝑜 𝑎 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚 𝑤𝑖𝑡ℎ𝑖𝑛 𝑡𝑖𝑚𝑒 𝑡} 

               = 𝑃𝑟{𝑇1 = 𝑇𝑇𝑂𝑖 < 𝑇𝑇𝑂𝑙, 𝑙 = 1,2, … 𝑛 𝑎𝑛𝑑 𝑙 ≠ 𝑖} 

  = ∫ 𝑃𝑟{𝑥 < 𝑇𝑇𝑂𝑙, 𝑙 = 1,2, … , 𝑛 𝑎𝑛𝑑 𝑙 ≠ 𝑖}𝑑𝐹𝑖(𝑥)
𝑡

0
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 = ∫ ∏ (1 − 𝐹𝑙(𝑥))𝑑𝐹𝑖(𝑥), 𝑖 = 1,2, … , 𝑛𝑛
𝑙=1,𝑙≠𝑖

𝑡

0
    

 (2) 

 

And 

𝐾𝑖,0(𝑡) = 𝑃𝑟{𝑌1 = 0, 𝑇1 ≤ 𝑡 ≤ |𝑌0 = 𝑖} 

 = 𝑃𝑟{𝑇1 = 𝑇𝑇𝑅𝑖 < 𝑡} 
 

 = 𝐺𝑖(𝑡), 𝑖 = 1,2, … , 𝑛        
 (3) 

 

The matrix 

 

 lim ( )
t

P K t


          

 (4)  

 

was the 1-step transition probability matrix of the embedded Markov chain of the semi-

Markov process thus 

 

 lim ( )
t

P K t


   

 

0,1 0,

1,0

,0

0 ( ) ( )

( ) 0 0

( ) 0 0

n

n

P t P t

P t

P t

 
 
 
 
  
 

       

 (5) 

 

0, 0, ( )i iP K   

 

       = ∫ ∏ (1 − 𝐹𝑙(𝑥))𝑑𝐹𝑖(𝑥), 𝑖 = 1,2, … , 𝑛𝑛
𝑙=1,𝑙≠𝑖

∞

0
     

 (6) 

 

,0 ,0 ( )i iP K   

 

       ( )iG   
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       1, 1,2,...,i n          

 (7) 

 

Since state 0 was the only state in which the system was functional, then the availability,  
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A, was given by 

 

0A p  

     limPr ( ) 0 | (0)
t

Z t Z l


           

  (8) 

 

where Ω was the state space {0,1,2, … , 𝑛}, state 0 being the functional state, and Z(t) was 

the underlying stochastic process of the system. Hence, where TTOi, Fi(x), Gi(t) and Ei 

were the time to outage of type i, cumulative distribution function (CDF) of time to outage 

of type i and of the time to repair of outage of type i and the mean time to repair (MTTR) 

of outage of type i, 

 

𝑋 = 𝑚𝑖𝑛𝑖=1,2,…,𝑛[𝑇𝑇𝑂𝑖]         

 (9) 

 

Thus 

 ( ) PrXF t X t   

 

 1,2,...,Pr min [ ]i n iTTO t   

= 1 − 𝑃𝑟{𝑇𝑇𝑂𝑖 > 𝑡, 𝑓𝑜𝑟 𝑖 = 1,2, … , 𝑛} 

11 (1 ( ))n

l lF t            

 (10) 

 

Therefore 

 

𝐸0 = ∫ (1 − 𝐹𝑥(𝑡))𝑑𝑡
∞

0

 

 

 = ∫ ∏ (1 − 𝐹𝑙(𝑡))𝑑𝑡𝑛
𝑙=1

∞

0
       

 (11) 

𝐸𝑖 = ∫ 𝑥𝑑𝐺𝑖(𝑥)𝑑𝑥
∞

0

 

 

 = ∫ (1 − 𝐺𝑖(𝑥))
∞

0
𝑑𝑥, 𝑖 = 1,2, … , 𝑛      

 (12) 
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Hence the general availability formula was obtained as 

 

𝐴 = 𝑝0 
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0

0 0,

1

n

l l

i

E

E P E





 

 
1

0,

1 0

1
n

l
l

i

E
P

E





  
   

  
         

 (13) 

 

The unplanned outage was caused by an unanticipated system failure thus the time to 

failure (TTF) and the time to repair (TTR) were assumed to be exponentially distributed 

with parameters MTTF =  𝜆−1 and MTTR =  𝜇−1, respectively. A planned outage 

comprised of a system upgrade, maintenance or configuration change that was scheduled 

to enhance system functionality. The time to planned outage (TTP) and the time to 

upgrade (TTU) followed general arbitrary distributions with Fm(t) and G(t) as their CDFs, 

respectively. Figure 3.1 shows the state diagram of the system which was either in state 0 

in which the system was working perfectly, state 1 in which the system was under repair 

following an unplanned failure and state 2 in which the system was undergoing a 

scheduled upgrade. 

 

                          
Figure 3.1 State diagram of a system with an unplanned and a planned 

outage. 

 

 

Thus, Cao et al. (2002) derived the availability model of a system with a single 

exponentially distributed unplanned outage and a generally distributed planned outage 

as 

 

𝐴 = (1 +
𝜆

𝜇
+

𝜆

𝜇2
∙

𝛼(𝜆)

1−𝛼(𝜆)
)

−1

        

  (14) 

Where 𝛼(𝜆) was the Laplace transform of the TTP evaluated at 𝑠 = 𝜆. 

 

4. The Models 
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In the following subsections, the non-birth-death CTMC availability models for systems 

with two exponentially distributed unplanned outages, with three exponentially 

distributed and three 2-stage hypoexponentially distributed unplanned outages and with 

four 2-stage hypoexponentially distributed unplanned outages are derived. 
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4.1 Continuous Time Markov Chain Availability Model for Two Exponentially 

Distributed Unplanned Outages 

Consider a system with up state 0 and two failed states 1 and 2 with failure and repair 

rates 𝜆1,  𝜆2 , 𝜇1 and 𝜇2, respectively, as shown in Figure 4.1. Let the TTP be generally 

distributed with CDF Fm(t) and let the TTU rate be 𝜇𝑚.  

 

             
Figure 4.1. State diagram of a system with 2 exponentially distributed unplanned 

outages and a generally distributed planned outage. 

 

Then the availability model of a system with two exponentially distributed unplanned 

outages is given by 

 

𝐴 = (1 +
𝜆1

𝜇1
+

𝜆2

𝜇2
+

𝜆𝑚

𝜇𝑚
)

−1

         (15) 

 

4.2 Continuous Time Markov Chain Availability Model for Three Exponentially 

Distributed and Three 2-Stage Hypoexponentially Distributed Unplanned 

Outages 

Consider a system with up state 0 and six failed states 1, 2, 3, 4, 5 and 6, with failure and 

repair rates 𝜆1,   𝜆2, 𝜆3, 𝜆4, 𝜆5, 𝜆6, 𝜆7, 𝜆8,𝜆9,𝜇1, 𝜇2, 𝜇3, 𝜇4, 𝜇5 and 𝜇6, respectively, where 

failures into states 1, 2 and 3 are exponentially distributed and failures into states 4, 5 and 

6 are 2-stage hypoexponentially distributed, with interim states int1, int2 and int3, as shown 

in Figure 4.2. Let the TTP be generally distributed with CDF Fm(t) and let the TTU rate 

be 𝜇𝑚. 

 

Then the availability model of a system with three exponentially distributed and three 2-

stage hypoexponentially distributed unplanned outages is given by 
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Figure 4.2 State diagram of a system with 3 exponentially and three 2-stage 

hypoexponentially distributed unplanned outages and a generally distributed 

planned outage. 
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4.3 Continuous Time Markov Chain Availability Model for Four 2-Stage 

Hypoexponentially Distributed Unplanned Outages 

Consider a system with four failed states 1, 2, 3 and 4, with failure and repair rates 

𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5, 𝜆6, 𝜆7𝜆8, 𝜇1, 𝜇2, 𝜇3, 𝜇4, 𝜇5, 𝜇6, 𝜇7 and𝜇8, in two stages as shown in Figure 

4.3. The interim states are int1, int2, int3 and int4. Let the TTP be generally distributed with 

CDF Fm(t) and let the TTU rate be 𝜇𝑚. 
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Figure 4.3 State diagram of a system with four 2-stage hypoexponentially distributed 

unplanned outages and a generally distributed planned outage. 

 

The availability model of a system with four 2-stage hypoexponentially distributed 

unplanned outages is given by 
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5. Discussion 

A system with two exponentially distributed unplanned outages is a system whereby there 

are two different types of failures, each of which is exponentially distributed. Thus 

equation 13 is appropriate for the computation of the availability of such a system. In a 

system where there are three exponentially distributed and three 2-stage 

hypoexponentially distributed unplanned outages, the failures are of two different types. 

In the first case, there are three different failures each of which is exponentially distributed 

and in the second case, there are three other different failures but each of them is 

hypoexponentially distributed. Regarding hypoexponentially distributed failures, the 

system first enters a semi-failed state, that is an interim state, where only minimal essential 

services are provided and due to further degradation, the system finally enters the 

completely failed state, hence equation 14. For a four 2-stage hypoexponentially 

distributed unplanned outages there are four different failed states but entry into the failed 

state is preceded by a semi-failed state. Thus equation 15 is appropriate for computing the 

availability of such a system. 

 

6. Conclusion 

The CTMC availability models for systems with variously distributed unplanned outages; 

namely two exponentially distributed unplanned outages, three exponentially distributed 

and three 2-stage hypoexponentially distributed unplanned outages and four 2-stage 

hypoexponentially distributed unplanned outages have been derived. These models are 

applicable to systems whose failure distributions follow the distributions considered in  
Non-Birth-Death Continuous Time Markov Chain 
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this work. In a subsequent work, the non-birth-death CTMC availability models with 

exponentially and non-exponentially distributed unplanned outages are applied to an 

engineering system. 
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Abstract  

There is currently no general agreement amongst cosmologists as to whether the famous 

Copernican Principle (CP), a statement that we do not occupy any special location in the 

Universe, is valid or not. This has posed serious questions on our cosmological knowledge 

about the Universe. In this paper, we use data from the National Aeronautics and Space 

Administration (NASA), Legacy Archive for Microwave Background Data (LAMBDA) 

to assess the validity of the CP by studying the observed Cosmic Microwave Background 

(CMB) anisotropies, and the temperature angular power spectrum. Our results for the 

CMB temperature maps indicate the presence of anisotropies of the order 410

 Kelvin, a 

magnitude lower than the theoretically predicted value of 10−5 Kelvin. By modeling the 

temperature angular power spectrum data and using the Wilkinson Microwave Anisotropy 

Probe (WMAP) seven-year and nine-year data, in comparison with Planck data, we 

deduce theoretical fitting formulae that may be used in constraining future cosmological 

models and in validating future CMB data. 

1. Introduction 

Establishing the validity of Copernican Principle (CP) – the assumption that we do not 

occupy any privileged location in the Universe, remains a key challenge in modern 

cosmology today, thus posing serious questions about the current standard cosmological 

model- called the “Lambda Cold Dark Matter” (LCDM) model (Clarkson et al., 2008). In 

particular, its key prediction that our Universe is permeated by over 70% unknown and 

ubiquitous form of energy- called “dark energy”, poses one of the greatest challenges in 

modern cosmology that requires resolution (Uzan, 2010).  

 

 Attempts to confront the challenges within the LCDM model have seen cosmologists 

shift their focus on one of its basic assumptions called the Copernican Principle (CP). The 

CP owes its origins in the proposal by Nicolaus Copernicus during the 16th century of a 

heliocentric Universe, and argues that we humans do not occupy any special location in 

the cosmos (Gingerich, 1993). The LCDM model, formulated within the framework of 

the Einstein’s theory of general relativity relies on the CP assumption whose validity, 

however, has not been firmly established to date (Peebles, 1998).  

 

In general, the CP assumes both homogeneity and isotropy of the Universe. Homogeneity 

suggests that the universe is composed of parts or elements that are of same kind, and as 

such one region of space is as good as another. Isotropy, on the other hand, infers that 

there is no preferred direction in space, that is, the Universe looks the same in all 

directions. Whereas current cosmological observations largely imply isotropy of the  
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Universe, homogeneity still remains unestablished to date (Maartens, 2011) with many 

studies focusing on high precision observations of the CMB using advanced satellite such 

as the Planck satellite. 

 

The CMB radiation remains a great tool for helping test the CP and hence the LCDM 

model. Observation of this primordial radiation discovered accidentally in 1965 (Penzias 

and Wilson, 1965), believed to be the relic radiation from the big bang, yielded first CMB 

maps that provided evidence of tiny anisotropies in the very early Universe.  

 

This paper presents results from a study that aims at testing the CP using CMB 

temperature anisotropies from currently available cosmological datasets. CMB 

temperature fluctuations data from WMAP survey is used to create CMB maps using the 

cosmological tool Healpix, and the temperature (TT) angular power spectrum derived, 

using the nine-year WMAP in comparison to Planck data. More importantly, the resulting 

TT angular power spectrum is modeled as an Nth power polynomial that accurately 

mimics the Planck data. 

 

2. Theoretical Input 

Measurements of the CMB radiation frequency spectrum, temperature and polarization 

states are completely stuffed with cosmological data with the most information being 

packaged in the temperature spectrum.  The temperature power spectrum, C , is a plot of 

the fluctuations per multipole moment  , which is obtained by taking average 

measurements from every vantage point throughout the universe. 

By definition, the spherical harmonics transform of the CMB temperature field )(


nT , is 

expressible as  (Bennett et al., 1996) 





lm

lmlm nYanT )()(

.                                                       (2.1) 

Here; 


n  is the direction on the sky, lma  are the spherical harmonics coefficients and lmY
 

are the spherical harmonics themselves.  

 

Using equation (2.1), the CMB power spectrum can be defined as the expectation value 

of the square of the spherical harmonics coefficients and is expressible as  

  
2 *| |lm lm lmC a a a  

.                                                      (2.2) 

The power spectrum of the observed CMB fluctuations can therefore be plotted as 

( 1)
2

C


 .                                                                     (2.3) 

The contribution over a range of values of  can be given approximately by  (Bennett et 

al., 1996) 

2

' '

'
2 ' ' 2 '

'

d
C d C

 

  ,                                                 (2.4) 
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for 1  and so 22 C is proportional to the contribution of the fluctuations per unit ln

, giving a flat  geometry at large angular scales as well as bringing out a lot of structures 

at smaller scales. 

 

This study demonstrates how the TT power spectrum of the CMB can be computed and 

modelled from raw data by the use of the publicly available WMAP data. 

3. Research Methodology 

3.1  Data acquisition 

Acquisition of the WMAP seven year’s temperature fluctuations data from the AstroML 

datasets was done using a python code that fetched the data and downloaded it from the 

archive to the local computer. Using the same procedure, we also downloaded both the 

seven years and nine years WMAP CMB temperature (TT) power spectrum data files 

from the LAMBDA website. We further acquired the Planck CMB temperature (TT) 

power spectrum data from the Planck website. 

 

3.2 Creating and manipulating CMB maps  

CMB maps provide a representation of an array of numbers for which each array element 

refers to a particular location in the sky. They produce a proper subdivision of a spherical 

surface so that each pixel covers the same surface area. Pixels are distributed on lines of 

constant latitude, which allows use of harmonic analysis applications involving spherical 

harmonics. The resolution of each map is controlled by a parameter that explains the 

quantity of divisions at the edge of a base resolution pixel that is expected to achieve the 

required high resolution allotment, called SideN . Areas of all pixels at a given resolution 

are identical. For a given value of SideN all pixel centers are located on a certain point that 

we call ringN  that can be defined by 

  4 1ring sideN N  ,                                                              (3.1) 

of constant latitude. 

 

The total number of pixels in a given CMB map that we call pixN can be determined as 

212pix sideN N .                                                                    (3.2) 

Full sky CMB temperature fluctuations maps were created using a python code and with 

the help of Healpy, we were able to visualize the raw seven years WMAP CMB 

anisotropies data. 

 

3.3  Masking 

In order to achieve more qualitative analysis of the desired regions, a process of covering 

or hiding unwanted regions called masking was done. The CMB signal is contaminated 

by various types of foreground emissions that originate from both galactic and 

extragalactic sources leading to contamination in form of large temperature fluctuations  
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on the CMB maps. Masking was done to remove these contaminated regions of the sky. 

Their removal was made possible by taking the advantage of all the ways in which they 

differ from the CMB signal. Their frequency dependence was used to detect and subtract 

them. For example, in regions where these emissions were highly non-Gaussian, band 

pass filtering the map was done.  In areas where the contaminations were localized in real 

space like the galactic, these emissions were down-weighted such that for low multipoles, 

high frequency channels were discarded while for high multipoles, low frequency 

channels were discarded. 

 

3.4 Map Smoothing 

To increase the signal quality with respect to the background, a process called smoothing 

was applied. The smoothing process aimed at boosting the Signal to Noise Ratio (SNR) 

which is a symbolic of the signal quality.  The SNR is expressible as 

Signal

noise

P
SNR

P
 .                                                                      (3.3) 

where P  is the average power. For this purpose, we performed a one degree smoothing 

on the masked CMB map. 

3.5  Modelling the CMB temperature angular power spectrum 

From the Legacy Archive for Microwave Background Data Analysis (LAMBDA) 

website, we acquired both the seven year and nine year WMAP temperature data of the 

CMB. After downloading these datasets, we realized a non-uniformity in the nine years 

data as compared to the seven years data. Certain multipole moment values in the nine 

years data did not have corresponding temperature values. To deal with this, we applied a 

simple extrapolation technique to fill in the gaps.  

In order to model the TT angular power spectrum of the CMB, we used the gap filled data 

for the region 2 800  .  

 

4. Results and Discussions 

4.1  Results 

Full sky CMB temperature map which we created using the seven-year temperature 

fluctuations data from AstroML datasets, is as shown in Figure 1; 
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Figure 1: Full sky CMB temperature fluctuations map produced using 

raw seven years WMAP data. 

 

Figure 1 displays almost uniform distribution of the temperature fluctuations of 1 

miliKelvins  mK  with large deviations occurring along the galactic plane. However, if 

we assume the map to be divided in to northern part and southern part, along the galactic 

plane, then keen observation reveals a slight anomaly in the distribution of the temperature 

fluctuations. More deviations were noticeable in the southern section compared to the 

northern one. We demonstrated this by regulating the temperature deviations scale to run 

from 0.5 mK to 1 mK  as shown in figure 2. 

 

 
Figure 2: Full sky CMB temperature deviations map showing anomalies in their 

distribution. There are more deviations in the southern region 

compared to the northern one. 
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Application of masking on figure 1 yielded the CMB sky map shown in figure 3 

below; 

 

 
Figure 3: Masked full sky CMB temperature fluctuations map. 

From Figure 3, it is notable that the temperature deviations reduced from the order of 310  

to the order of 410 . We find these anisotropy levels not enough to violate the CP 

considering the fact that the homogeneity assumption is not confirmed. The conviction is 

that the universe was implicit base up design, implying that the little anisotropies observed 

in the CMB sky went about as gravitational seeds for the structure we see today. Over-

dense areas pulled in more matter, while under-dense districts drew in less, and hence 

these little anisotropies in the CMB turned into the substantial scale structures we see in 

the universe today. This is in accordance to the standard model of cosmology. After 

carrying out a smoothing process on figure 3, we obtained figure 4; improved after 

smoothing. 
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Figure 4: Masked full sky CMB temperature fluctuations map smoothed 

at one degree. 
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Figure 4 has a good visual quality as compared to figure 3 since the signal quality was  

Results on the modelling of the CMB temperature angular power spectrum were as 

follows. We began by fitting the seven years TT angular power spectrum of the CMB with  

a polynomial and represented it in figure 5. 

 

The data was found to be well fitted with an thN  order polynomial of the general form 

0

( ) ( )
n

n n

i

i

F A Z


 ,                                                                 (4.1)     

where 0,1,2...n N , 0,1,2,3...i N , iA are the coefficients,  

 4 002
( )

2.3 002
l e

Z
e

 



 while l  is the Multipole moment. In our case, 8.N   

Expanding equation (4.1) we obtained  
( ) 2 3 4 5 6 7 8

0 1 2 3 4 5 6 7 8( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )nF A A Z A Z A Z A Z A Z A Z A Z A Z        

.
                         (4.2) 

The coefficients of equation (4.2) were obtained using MATLAB as to be 
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Figure 5: Seven years WMAP temperature data fitted with an 8th degree 

polynomial. The subplot is a graph of the residuals. 
 

Similarly, we plotted a graph of the TT angular power spectrum of the CMB using the 

WMAP nine years data covering the same region, fitted the data with a polynomial and 

represented it in figure 6. We found out that the data could be well fitted with a 

polynomial equation of the same general form as equation (4.1) although the coefficients 

were different as shown 
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(4.4) 

 

 

 

 

 

 
Figure 6: Nine years WMAP temperature data fitted with an 8th degree 

polynomial. The subplot is a graph of the residuals. 

In order to obtain the best equation that can be used to model the TT angular power 

spectrum of the CMB, we plotted figure 1 and figure 2 together, that is, we superimposed 

both the seven years and nine years TT angular power spectrum of the CMB on the same 

axes for the region 2l  to 800l  and fitted the curve with a polynomial which we  
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present in figure 7; 

  

 

 
Figure 7: TT angular power spectrum of the CMB for both seven years and 

nine years WMAP datasets for 2l  to 800l  , fitted with a 

polynomial. The blue data points are from seven years WMAP data 

while the black data points are from nine years WMAP data. 

The equation for the polynomial that best fitted the two datasets was found to be of the 

same form as that of equation (5.1) and had similar coefficients as the ones represented in 

equation (5.4).  An insight that the WMAP nine years data was more refined compared to 

the seven years data. This fit is the best model for the TT angular power spectrum of the 

CMB.  

As a way of quantifying our results, we plotted a graph of the TT power spectrum of the 

CMB from seven years WMAP data against TT power spectrum of the CMB from nine 

years WMAP data. We then fitted a linear function on the plot to get the statistics on how 

the two datasets correlate with each other. We represent this in figure 8 below 
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Figure 8: Nine years temperature data against seven years temperature data 

for 2 800l  . 

We obtained the equation relating the nine years TT 9( )TT data to seven years TT 7( )TT  

data for 2 800   to be 

9 70.95 130TT TT  .                                                        (4.5) 

Equation (4.5) is a model equation that showed a strong positive correlation between the 

two datasets. From equation (4.5), it is notable that when 7 0,TT   9 130TT  .To carry out 

sensitivity analysis of this model, we neglect the y-intercept of equation (4.5) so that we 

have 

 

9 70.95TT TT .                                                         (4.5a) 

From equation (4.5) we find that, when 7 1TT  , 9 0.95TT  . This implies that, 1%  

change in 7TT  would cause 0.95%  change in 9TT . 

 

As a way of validating our temperature angular power spectrum model, we used Planck 

temperature data which is a high resolution data compared to WMAP data.  
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We superimposed our obtained model with Planck data and as shown in figure 9; 

 

 

Figure 9: TT angular power spectrum model compared with the TT angular 

power spectrum from Planck data. The black curve represents the 

Planck data while the red curve is the model. 

Since our model was found to be the best fit for the WMAP nine years TT power spectrum 

data, we sought out the relationship between the Planck temperature data and the WMAP 

nine years temperature data. This was done by plotting a graph of the Planck temperature 

data against the WMAP nine-year temperature data. We did a linear fit to the data in order 

to get an equation relating the two datasets. This comparison was done for values of 

multipole moments, 2l  to 800l   and is represented in figure 10; 
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Figure 10: WMAP nine years’ temperature data against Planck temperature data. 

We obtained the equation relating the two datasets, the Planck TT ( PTT ) data and the 

WMAP nine years TT ( 9WTT ) data to be 

9 5.1W PTT TT  .                                                 (4.6) 

 

Equation (4.6) showed a strong positive correlation between the two datasets with only a 

slight lag. The linear correlation coefficient r , between the two datasets was found to be 

0.975. Further the coefficient of determination
2r , was obtained to be 0.951. It is the 

goodness of fit explaining how Planck data is replicated by the model. 95.1% variations 

of Planck data are explained by the model, the remaining 4.9% are either explained by the 

variable(s), not included in the model or are absorbed by the error term of the model. 

This strong correlation was a justification of our TT model to be valid since it was the 

best fit for the WMAP nine-year temperature data. 

 

5.  Discussions 

From our results of the CMB maps, we found slight temperature deviations that 

corresponded to areas of different densities at very early times. The observed temperature 

deviations in the CMB were found to be of sizes of the order of 310
K . However, these 

fluctuations reduced after performing masking and smoothing processes to sizes of the 

order of 410
K . We found these anisotropy levels not enough to invalidate the CP.  
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This outcome is in respect to the standard model of cosmology which explains that the 

fluctuations arose immediately after the Big Bang and were stretched to cosmologically 

large scales during a brief period of accelerated expansion known as inflation. In the 

chance that the universe is smooth but not consummately smooth, then gravity will make 

structure to develop, by drawing matter into districts that begin over the average densities 

and out of regions that begin underneath the average density. Tentatively, for this 

procedure to work, there probably had been little adequacy inhomogeneities present in the 

early universe, which served as the "seeds" for the gravitational development of structure. 

These inhomogeneities ought to bring about slight non-consistencies in the CMB. Since 

the standard cosmological model is founded on the basis of the CP, this result at the 

moment upholds the CP. However, high precision measurements of the CMB anisotropy 

can help to delineate this enigma for example by shedding more light on the anomaly 

noted in the distribution of the fluctuations. Furthermore, studies to proof the homogeneity 

of the universe will greatly influence the confirmation of the CP. 

Conversely, the equation (4.5) derived in this study is very useful as it can be used to 

reproduce either of the datasets if some points are missing. The TT angular power 

spectrum model obtained in this work could be useful in constraining future cosmological 

models since it is computed from data. The model shows good validity, as it agrees well 

with high resolution data from Planck.  The theoretical model being the best fit to the 

WMAP nine years’ temperature data with a coefficient of determination 
2( )r  of 0.951 in 

relation to the Planck data, further supports its validity. 

 

6. Conclusions  

This study aimed at assessing the validity of the CP using observed anisotropies in the 

CMB and modeling the TT angular power spectrum. We used WMAP seven years 

temperature fluctuations data contained in the AstroML datasets to create CMB maps. It 

was found that the CMB signal is dominated with various foreground emissions which 

are both galactic and extragalactic. These contaminations caused temperature deviations 

of the order of 310 K . When a clean-up process called masking was done, these areas 

were excluded making the temperature fluctuations of the CMB map to drop to the order 

of 410 K . A smoothing process was done to improve the signal strength. The tiny 

temperature fluctuations of the CMB map can be associated with the slight inhomogeneities in the 

matter density in the early universe that seeded the current structure. The disclosure of these little 

deviations from smoothness (anisotropies) in the CMB is welcome for it gives in any event the 

likelihood to the seeds around which structure formed in the later universe.  

 

In this light, we can conclude that, we owe our extremely existence to this evident 

fluctuations for without the density fluctuations that they flag, there would have been no 

galaxies, no stars, no solar system and no humans. This outcome is in respect to the 

standard model of cosmology which explains a smooth universe characterized by some 

perturbations. It is a justification to the Copernican Principle (CP) since the standard 

model has its foundations on it. 
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Moreover, using the acquired seven years  and nine years WMAP TT data from the 

LAMBDA website, we modelled the TT angular power spectrum of the CMB. Equation 

(4.5) which relates both the WMAP seven years and nine years TT data was also obtained. 

It is useful for it can be used to reproduce either of the datasets if some points are missing.  

The obtained model was found to agree well with Planck TT data and it is useful for it 

can be used to produce the TT angular power spectrum in the absence of data and to 

constrain future cosmological models since it is computed from data. 
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